The aim of this work is to introduce and study the notions of L-fuzzifying preproximity spaces and L-fuzzifying preuniform spaces. We use the way-below relation for defining L-fuzzifying preproximity. Some interactions between these spaces and L-fuzzifying topological spaces are studied.
Introduction and preliminaries
U. Höhle introduced the concept of L-fuzzifying topological spaces [1] . The notions of proximity and uniformity were studied in a fuzzy setting [2] [3] [4] [5] [6] [7] [8] [9] [10] , in an L-fuzzy setting [11, 12] and in a fuzzifying setting [13, 14] . The way-below relation '' '' was introduced by Scott and others [15] . In the present work we consider the notions of preproximity, preproximally continuous functions, preuniformity and preuniformly continuous functions in an L-fuzzifying setting, where L is a completely distributive complete lattice with order reversing involution . Some relationships between the concepts and L-fuzzifying topological spaces are studied.
Throughout this work L = (L, ≤, ∧, ∨ , ) is a completely distributive complete lattice with an order reversing involution , i.e., (L, ≤, ∧, ∨ , ) is a complete lattice, for every j ∈ J and for every A j ⊆ L, j∈J A j = ψ∈ j∈J A j j∈J ψ(j) and : L → L is a function s.t. ∀α, β ∈ L, (α ) = α and α ≤ β ⇒ α ≥ β . The upper (resp. lower) universal element of L will denoted by 1 (resp. 0). Definition 1.1 ([15] ). Let α, β ∈ L. We write α β (read as α is way below β) iff for each nonempty directed subset G ⊆ L such that β ≤ r∈G r, there exists an element g ∈ G such that α ≤ g.
It is well known that in any poset if α ≤ β and α = β, we write α < β. Definition 1.2 ([1] ). Let X be a nonempty set and let τ : 2 X → L be a function that satisfies the following conditions: Then τ is called an L-fuzzifying topology on X and the pair (X, τ ) is called an L-fuzzifying topological space.
Definition 1.3 ([1]
). Let (X, τ 1 ) and (Y , τ 2 ) be L-fuzzifying topological spaces. A function f :
It is observed that any completely distributive lattice is continuous (see [15] ). Now we give an example to illustrate that there exists a completely distributive complete lattice with an order reversing involution in which the concepts of the '' '' relation and ''<'' relation are independent notions. Also, in this example 1 1. It is observed that 1 1.
Lemma 1.1. Let α, β, α 1 , α 2 , β 1 , β 2 ∈ L. Then:
Proof. Since L is a completely distributive and thus continuous lattice, then 1 = α∈⇓1 α = α 1 α ≤ α≤1,1 =α α = α<1 α ≤ 1. Hence α<1 α = 1.
L-fuzzifying preproximity
Definition 2.1. A function δ : 2 X × 2 X → L is called an L-fuzzifying preproximity on X if it satisfies the following conditions:
The following lemmas are useful in the sequel.
Proof. Follows from (P3).
Theorem 2.1. The function I δ has the following properties:
Proof. (I δ 1) Since 0 α for every α ∈ (L − {1}) (and indeed, now α = 0, so 0 < α , and since any directed subset D of L s.t. sup(D) ≥ α should contain an element γ ≥ 0, then 0 α ) and δ(X, X c ) = 0, then I δ (X, α) = X .
α . Then from Lemmas 3.1 and 1.1 (1) 
is an L-fuzzifying topology on X .
Proof.
(1) From (I δ 1) and from Lemma 1
(2) From (P3) and since (α ∨ β) = α ∧ β ∀α, β ∈ L, we have
(3) From Lemma 2.1 we have
3. An L-fuzzifying preproximity is called principal provided that:
Definition 2.4. Let (X, τ ) be an L-fuzzifying topology on X . Define the function δ τ : 2 X × 2 X → L as follows:
Theorem 2.5. If 1 1, then the function δ τ is an L-fuzzifying preproximity on X .
By using the previous result, since
For the second assertion of (P3) we have the following:
Lemma 2.2. Let f be an L-fuzzifying preproximally continuous function from
(X, δ 1 ) to (Y , δ 2 ). If I δ 2 (B, α) = B, then I δ 1 (f −1 (B), α) = f −1 (B).
Proof. From Lemma 1.1(1) we have
Theorem 2.6. If f : (X, δ 1 ) → (Y , δ 2 ) is an L-fuzzifying preproximally continuous function, then f : (X, τ 1
L-fuzzifying preproximity induced by L-fuzzifying preuniformity
Definition 3.1. A function U : 2 X ×X → L is called an L-fuzzifying preuniformity on X iff it satisfies the following properties: (U0) There exists w ∈ 2 X ×X such that U(w) = 1.
The pair (X, U) is called an L-fuzzifying preuniform space. Definition 3.2. Let (X, U) be an L-fuzzifying preuniform space. Define the function δ U : 2 X × 2 X → L as follows:
Theorem 3.1. Let (X, U) be an L-fuzzifying preuniform space. If 1 1, then (X, δ U ) is an L-fuzzifying preproximity space. 
For the other of (P3) we operate the following:
and so δ U (N, H) ≥ δ U (M, H). By using the previous result, since A ⊆ A∪B and B ⊆ A∪B, we have δ U (A∪B, C ) ≥ δ U (A, C ) and δ U (A∪B, C ) ≥ δ U (B, C ).
Definition 3.3. Let (X, U) be an L-fuzzifying preuniform space. Define the function I U : 2 X × (L − {1}) → 2 X as follows: 
One can have the following corollary from Theorems 2.2 and 3.2. Definition 3.5 ([11] ). L is said to be a chain (resp. an order-dense chain) iff for each α, β ∈ L, α ≤ β or β ≤ α (resp. for each α, β ∈ L with α < β, there exists γ ∈ L such that α < γ < β). Proof. If one prove that there exists A, C ∈ 2 X s.t. δ U (A, C ) ≤ δ V (f (A), f (C)), then one has that f is not L-fuzzifying preproximally continuous (indeed, one can easily check that if f is L-fuzzifying preproximally continuous, then ∀A, C ∈ 2 X , δ U (A, C ) ≤ δ V (f (A), f (C))). Suppose there exists A, C ∈ 2 X and α ∈ L − {1} such that δ U (A, C ) > α > δ V (f (A), f (C)).
Since δ V (f (A), f (C)) < α. There exists v ∈ 2 X ×X such that V(v) > α , v[f (A)] ⊆ (f (C)) c . Since f is surjective, then v[f (A)] ⊆ f (C c ). From above and since f is injective we have
Since, f is fuzzifying uniformly continuous, then U((f × f ) −1 (v)) ≥ V(v) > α . Thus δ U (A, C ) < α. This is a contradiction.
